This study is concerned with the determination of the mechanical behaviour of closed fluid lipid bilayer membranes (vesicles) under a uniform hydrostatic pressure, pressed against and adhering onto a flat homogeneous rigid substrate. Assuming that the initial and deformed shapes of the vesicle are axisymmetric, a variational statement of the problem is developed on the ground of the so-called spontaneous curvature model. In this setting, the vesicle is regarded as a closed surface in the three-dimensional Euclidean space and its equilibrium shapes are supposed to provide stationary values of the bending energy functional under the constraint of fixed total area. The corresponding Euler-Lagrange equations and natural boundary conditions are derived, the work done by the pressure being taken into account, and used to determine the forces and moments in the membrane. Several examples of surfaces representing possible equilibrium shapes of so loaded membranes are determined numerically.
Introduction
The success of cell manipulations depends mainly on the mechanical properties of the cell membrane and on the specific way of interaction between the membrane and the other devices. To this end, the determination of the mechanical behaviour of the cells is of primary interest. An apparent approach to this analysis is theoretical determination of certain cell equilibrium shapes and their comparison with experimental observations, a typical example being presented by Lu et al. [1] .
The choice of a model to study the equilibrium shapes of cells depends on the time scale of the phenomena due to the existence of active processes of permeation of matter through the cell membrane [2] . Phenomena that are much faster than the active transfer processes are reasonable to treat using models of deformation that maintain fixed cell volume. In this case it is widely accepted that the deformation of the cell membrane is localized, typical examples being Lu et al. [1] , Boulbitch [3] , Bo [4] , Sun et al. [5] , Tan et al. [6] and Wan et al. [7] . On the other hand, if a phenomenon is much slower than the permeation through the membrane it is reasonable to consider a model that maintains fixed membrane area. In the present study, we consider cells pressed against a rigid wall and are interested in equilibrium shapes that are attained after the finishing of the transient transfer of matter through the cell membrane. For this purpose, we employ the simplest model of cells-closed fluid lipid bilayer membranes (vesicles).
A general theoretical model for deformation of lipid bilayer membranes was proposed by Helfrich [8] . This model, usually referred to as the spontaneous curvature model, is widely acknowledged and used by many authors to study stresses and strains in cell membranes (see, e.g., the exhaustive surveys [9] [10] [11] [12] [13] [14] ). The corresponding partial differential equations determining the equilibrium shapes of closed lipid bilayer membranes (vesicles) subjected to hydrostatic pressure is derived in 1989 by Ou-Yang and Helfrich [15] . Later on, Capovilla et al. [16] and Tu and Ou-Yang [17, 18] have extended the foregoing model to cell membranes with free edges. A generalization of the spontaneous curvature model for vesicle adhesion is proposed in [2, 19] and further extended in [20] .
In the present study, the mechanical behaviour of a vesicle pressed against a rigid wall the vesicle adheres to is examined in the line of the Helfrich spontaneous curvature model. The vesicle membrane is supposed to be inextensible and to deform axisymmetrically. The main tack consists in the determination of the equilibrium shapes of an initially spherical vesicle adhering to a flat rigid plane subjected to a uniform hydrostatic pressure and a force exerted onto a given contour. This force is supposed to act along the symmetry axis of the vesicle and to direct inward. Actually, the present model is an extension of the model proposed in [21] in which the cell adhesion has not been taken into account.
Differential equations
Within the framework of the spontaneous curvature model [8] (see also [10] [11] [12] [13] ), the cell membrane is regarded as a two-dimensional surface S embedded in the three-dimensional Euclidean space R 3 . The membrane is supposed to exhibit a purely elastic mechanical behaviour and to be inextensible upon deformation. The equilibrium shapes of the membrane are described in terms of its mean H and Gaussian K curvatures, which are assumed to be such that the so-called curvature (shape) energy functional
has a local extremum under the constraint of fixed total area A. Here, k c and k G are two constants associated with the bending rigidity of the membrane and c 0 is the so-called spontaneous curvature. Let the difference between the outer solution pressure P o and the inner pressure of the vesicle P i be P = P o − P i . The Euler-Lagrange equation associated with the foregoing functional is
It is usually called the membrane shape equation, and is a nonlinear fourth order partial differential equation with respect to the components of the position vector; see [15] .
For an initially spherical cell membrane of radius ρ supposed to retain its axial symmetry upon deformation, as it is assumed in the present study, the curvature energy functional F c takes the form
since the mean H and Gaussian K curvatures of a surface of revolution are given by the expressions
Here, s is the arclength of the profile curve of the membrane, which is assumed to lie in the ROZ -plane (see The membrane is supposed to adhere to a flat rigid plane and to be loaded as is shown in Fig. 1 . The value s = 0 of the arclength variable is assumed to correspond to the point at the profile curve where the external force acts on the cell membrane along the respective contour, which will be denoted by C 0 . The value s = L is assumed to correspond to the border of the adhesion area C L . Denote the external distributed force along the contour C 0 by f 0 = k c q 0 and the pressure on the adhering part of the membrane by P a . Let us point out that the adhering part of the membrane is flat, and hence H = 0 and K = 0 there. Then, shape equation (1) implies P a − P i = 0 at any point of the adhering part of the membrane.
Apparently, the work done by the force f 0 is
Taking into account this work, the work done by the hydrostatic pressure P, the constraint of fixed total area of the membrane and the geometric relations by introducing three Lagrange multipliers λ(s), µ(s), η(s) and an auxiliary function
, where A L is a certain fixed value of the total area of the membrane, as well as accepting that there is a line tension k c σ 0 at the contour C 0 due to the membrane-pipette interaction, as well as a line tension k c σ L at the adhesion border C L , we arrive at the following expression for the energy stored in the deformed membrane 
since along the adhering part of the membrane
Thus, the action functional reads
Then, setting to zero the first variation of the functional A one obtains the following system of Euler-Lagrange equations 
and natural boundary conditions
Actually, H is a conserved quantity on the smooth solutions of the Euler-Lagrange (2) due to the invariance of the functional A under the translations of the independent variable s. It should be noted also that δr(0) = 0 since the diameter of the pipette is fixed, δz(L) = 0 since the coordinate plane Z = 0 always coincides with the adhesion plane as well as λ(L)δα(L) − λ(0)δα(0) = 0 because of the constraint of fixed total area and the fact that λ turned out to be a constant.
Observing expressions (3), one can immediately interpret
and
where i and j denote the unit vectors along the coordinate axes R and Z , as the bending moment (couple resultant) and force (stress resultant) at any point of the membrane, except for the points with jump discontinuities.
Balance of forces and momenta
Here we analyse the force and momentum balance of the membrane. To begin with, consider the part of the membrane corresponding to 0 ≤ s ≤ s 0 , where 0 < s 0 < L. The external loads applied to this part of the membrane are the force f 0 = −f 0 j applied at s = 0 and the pressure difference p applied at 0 < s < s 0 . Hence, the total external force acting on this part of the membrane reads
and since the unit normal vector n(s) to the membrane is
the external force simplifies to
Since the part 0 < s < s 0 of the membrane is in equilibrium, this force is balanced by the membrane forces at the two ends, namely,
This formula gives the membrane force distribution at any point 0 < s 0 < L. Now, we are prepared to consider the force balance at the point s = L. Observing the natural boundary conditions one
A simple computation shows that the force within the adhesion area reads
since the solution of Eqs. (2) in the adhering part of the membrane is
where µ 0 is a constant of integration. It is established in [22] that system (2) is consistent with the shape equation (1) provided that H = 0. This equality can be used to specify the value of the constant µ 0 . Indeed, computing H at a point of the adhering part of the membrane and substituting it in the equality H = 0, µ 0 is determined as
Hence,
Then, substituting this expression and the limit at s 0 = L of force (6) in the jump condition (7) one finds the boundary conditions for the components of the membrane force of form
Substituting these expressions in Eq. (6), one obtains the boundary conditions at s = 0 as well, namelŷ
The point s = L is free of external momenta and hence a jump condition of form
holds at this point. Moment (4) along the adhering part of the membrane is
since ϕ(s) = −π there. Then, using expression (4) again to obtain the limit value of the bending moment at s → L, s < L,
We would like to point out the following observation. A boundary condition of form
is suggested in [19, 20] to ensure the smoothness of the membrane shape. In this case, relations (11)- (12) imply another boundary condition of form
Apparently, any other value of dϕ/ds leads to a jump of the bending moment at s = L.
A boundary conditions at the adhesion edge of form
is suggested in [19] . However, one should be aware that such boundary condition means a jump in the bending moment at the adhesion border.
Numerical results
Explicit analytic parameterization of certain axisymmetric surfaces whose curvature is a solution of the shape equation is presented recently (see [23] ). However, it is difficult to find analytical solutions of the nonlinear system (2) due to the specific form of the boundary conditions (8), (9) . For that reason, the boundary value problem (2), (8) , (9), (13) and (14) is treated numerically using the routine NDSolve in Mathematica R ⃝ (see [24, Section 1.6.4] ) which is combined with a Maple implementation of the shooting method (package shoot, see [25] ).
Typical examples of cell membrane shapes are displayed in Figs. 2 and 3 . The comparison of the membrane shapes in these figures shows up the effect of the external pressure p on the convexity of the equilibrium shape. The profile curves presented in Fig. 4 clarify this effect, as well as the effect of the spontaneous curvature on the membrane shape. a b 
